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ABSTRACT

In the field of mathematics, pure mathematics is very important as it gives rise to the basis
for the formation of all applicable mathematical concepts in solving real-life problems.
Algebra is such an integral part of pure mathematics. It consists of the Ring theory. It has
been discovered that there exists some structures similar to rings with little deformity and
they are called NEARRINGS. These structures do not commute mostly as they fail to satisfy
distributive law. To ascertain the commutativity of neatrings, we need detivation(s). Because
several papers had been presented dealing with left-nearrings, this paper aimed to consider
right-nearrings which has not been done before in that respect, to the best of our knowledge.
Some methods dealing with left-nearrings have been studied and modified in this work, and
new derivation has been introduced to take care of right-nearrings. For Let n be a positive
integer, N be a right neatring, and automorphisms o, 7: N = N, in this study, the concept of
left-sided outer (o, 7)-n-derivations on the nearrings is introduced, and several features are
examined to show commutativity of prime right nearring using the derivation. The results
obtained in this paper show that the right-nearrings are commutative when subjected to
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detivation.

INTRODUCTION

An algebraic structure or a triple (N, 4, +) containing a
non-null set N together with binary operations (addition
‘+” as well as multiplication - ) that meet all the axioms
of rings except for commutativity of addition and just one
distributive law holds, is called a nearring. Precisely, right
nearring is a triple (N, 4, - ) as such, (i) (N, +) makes a
group (i) (N, -) is a semi-group (i) (s + t)r = sr +
tr, forallr,s,t € N. See Clay (1992) and Pilz (1983) to
learn more.

In this article, the right nearring is denoted by N and T are
automorphisms of N. The nearrings’ centre is indicated by
Z and is defined to be a collection {x € N|xy = yx,
Vy € N}. A right neat- ring N is called a prime neatring if
xNy = {0} then x =00ry =0, for allx,y € N. N is
semiptrime neatring if; xNx = {0} then x = 0 forall x €
N and N is commutative if (N, -) is commutative (that is
xy—yx =0 Vx,y € N). The symbol [x,y] will be
denoted by xy —yx for x,y € N and is called Lie
product (multiplicative commutator) of x and y.

Prime nearrings: these are a special class of nearrings with

the property that xNy = {0} then x = 0ory = 0, for

licenses/by/4.0)

allx,y € N, where N is the nearring of reference. These
are very important, especially in the study of
commutativity, as they enable us to use the primness
property to test the commutativity stance of the structure.
Some examples of prime nearrings include: [1] Let (N, +)
be a group; we define an operation * on N by x * y = x
for allx,y € N, it is observed that (N,+, *) is a right
prime nearing. [2] Let (N,+) be a Klen four group.
Consider the following table;

* 0 r s t
0 0 0 0 0
r 0 0 r r
s 0 r S s
t 0 r t t

Clearly (N, +, %) is prime right nearing, since for r,s €
N=rxN=xs={0}onlyifr =0ors =0.
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Ashraf and Siddeeque (2013) have come up with (g, 7)-n-
derivation in nearrings and explored some conditions via
(0, T)-n-derivations on left prime neatrings. They defined
on a given left nearring N and distinct positive integer n,

d(uquy, Uy, Us, ., Uy) = d(Uq, Uy, Us, ...
d(uq, uyuy, Us, ., Uy) = d(Uq, Uy, Us, ...

d(uy, Uy, Uz, ..., Uy) = d(uq, Uy, Us, ...

d(uqg, Uy, Us, ..., Uply) = d(Uqg, Uy, Us, ...

Remark: Once d is permuting, all the above are equivalents.”

“ an n-additive mapping d:N X N X N X ... X N = N is
said to be (0, T)-n-derivation of N if there are functions
0,7:N > N such that the following hold for all
Uq, Ug, Usg, eory Uy, UL, U, UG, oe, Uy, € N;

Jugo(uy) + t(uy)d(uy, uy, us, ..., Uy)
U)o (uy) + T(u)d(ug, up, us, ..., Uy)

) un)a(ué) + T(uS)d(ulf uz, u’31 ey un)

J U)o (uy) + t(uy)d(uy, Uy, Us, .., Uy).

They studied certain properties via the derivation and proved some results, such as;

Result#(1) Given a prime nearring N and D # 0 be a (0, 7)-n-derivation on N. If D(N, ..., N) € Z, then (N, ) is

commutative.

Result#(2) Assume a prime nearring N and D; # 0 and D, # 0 be (0, 7)-n-derivations of N. If [D;, D,] = {0}, then

(N, +) is abelian.

Aroonruviwat and Leerawat (2021a) and (2021b), motivated by these results and some results in the above paper, defined
Outer (0, 7)-n-derivation on a left nearring as follows; “Assume N to be nearring and automorphisms 0 & T be
automorphisms from N to itself. A map d: N™ = N is Outer (0, T)-n-derivation once it is n-additive map where the

following;

d(uquy, Uy, Us, ..., Uy) = o(u)d(uy, uz, s, ...
d(uq, Uy, Us, .., Uy) = o(uy)d Uy, uj, U, ...

d(uq, Uy, Uy, ..., Uy) = o(uz)d(uy, uy, us, ...

d(uqg, Uy, Us, .., Upty) = o(u,)d(uq, uy, us, ...

Holds for all Uy, Uy, Us, ..., Uy, U7, Uy, UT, ..., Uy, € N.

In addition, they studied certain properties, proved the
commutativity of prime nearrings, and came up with some
results.

Result#(3) For a prime nearring N and non-zero D, outer
(0, 7)-n-derivation of N. If D(N, ..., N) € Z, then (N, -

) commute.

Result#(4) Let N be a prime neatring and D; and D,be a
(0, 7)-n-derivations of N. If
[D1(x1, X2, X3, -, %), Do (Y1, Y2, V3, -, Yu)] = 0, for all
X1, X2, X3, vy Xy V1, Y2, Y35 o0s Y € N, then x+y=
y+x forallx,y €N.

non-zero

JUp) + d(uyg, Uy, us, .., Uy )T(U)
JUp) + d(uyg, Uy, Us, .., U )T(US)
JUp) + d(uq, Uy, Us, o, Uy )T(U3S)
Jup) + d(ug, Uy, us, .., Uy )T(Up)

It is important we state the result, which was proven by
Bell and Mason (1987)

Result# (5) Consider a prime nearring N and Z to be a
multiplicative centre of the N. As z € Z — {0} for which;
z+ z € Z, then (N, +) is abelian.

In line with this investigation, it is observed that the
previous researchers have done their work on left
nearrings, this paper discussed right nearrings. To the best
of our knowledge previous research were inclined to left
nearrings. So our work is the first to dive into the nearrings
in this respect. We will define the derivation and give
examples and some theorems with proofs.
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METHODOLOGY
Left-Sided Outer (0, T)-n-Derivation

In this section, we define left-sided (o, T)-n-derivation on
N and give examples.

d(uquy, Uy, Us, ..., Uy) = o(u)d(uy, uz, s, ...
d(uq, uyuy, Us, .., Uy) = o(uy)d(uy, uj, us, ...

d(uq, Uy, Uz, ..., Uy) = o(uz)d(uy, uy, uj, ...

d(ull Uz, Uz, ---:unu;l) = U(un)d(ul,uz,u3,

Hold for all x4, X1, X2, X3, X3, X3, <, X, Xp, € N

The following example yields 6 on (N,+, *) right
nearring is left-sided outer (o, T)-3-derivation.

Example 1; Let N = {0, 1, 5, t} with the following tables;
Table 1: Addition Table

+ 0 r S t

0 r s t
r t 0 t s
s S t 0 r
t t s r 0

Table 2: Multiplication Table

* 0 r s t
0 0 0 0 0
r 0 0 r r
s 0 r s s
t 0 r t t

Therefore, (N, +, ) is a right nearring.

Particulatly, we define a map & left-sided (o,7)-3-
derivation on N by;

_{s uv,w ¢ {O,T}
S(u,v,w) = {0, otherwise’

Also o(r)=0(0) =0, a(s) =s, o(t) =t, T(u) =
0 for all ueN

Now, 8(sr,s,t) = 6(r,s,t) =0

Again, §(s7,s,t) = a(s)8(r,s,t) + t(r)d(s,s, t)
=s6(r,s,t) + (0)5(s,s, t)
=s(0)+(0)s=0

Suppose N is a nearring and o andT are two
automorphisms of N. A map §: N™ = N is said to be a
left-sided outer (o, T)-n-derivation on N if § is n-additive
map such that the following;

’ un) + T(ui)d(ul! uZI u3: ey u—n)
JUp) + 1(uy)d Uy, Uy, us, .., Uy)

JUp) + 1(us)d(uy, Uy, us, .., Uy)

JUp) + T(uy)d Uy, Uy, Us, on, Uy)

Hence, § is the left-sided outer (o, T)-3-derivation on N.

In this line of observations, we define a map § by;

, X & {0,7}
otherwise

Ky, Ky, .
6(o<1,...,ocn)={?) 1

4 is a left-sided outer (0, T)-n-derivation on N.

Example 2; Let R=(Z,+, -) be a ring. Let P(R) =
{ax + b |a, b € R}, define operations addition " + " and
substitution " o " by:

(a) Addition " + " defined on P(R) is VP;, P, € N,
where Py =a;x+b; and P, =a,x+ b,
implies that Py + P, = a;x + by + a,x + b, =
(aq +a)x+(by+by)=a3x+b;=P; €
P(R) and a3, b; € R.

(b) Substitution" o "on P(R) is VP;, P, € N implies
that Pi(P,) = Py(ayx + by) = a,(ax +
by) + b; = aya,x + a;b, + by = ayx + b, =
P, € P(R) and a, b, € R.

Then N = (P(R),+, ©) is a right prime-nearring. Please
observe that it is non-commutative. Define a left-sided
outer (0,7) derivation on N by a map §:N = N by
85(P) = P,where P = ax + b and P = ax. Also ¢(P) =
Pand 7(P) =0 forall P € N.

COﬂSidCrPl,PZ EN,thenP1°P2 :'tPZOPI‘

Py o P, = Pi(P;) = a;P, + by = a;(azx + by) + by
:a1a2x+a1b2 +b1

Again;

P2°P1=P2(P1)=a2P1+b2=a2(a1x+b1)+b2
=a1a2x+a2b1+b2

Now, §(P,P,) = P - P, = P,P,
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Also; 8(PyPy) = a(P)8(P,) +T(P)S(P) =Py -
P_2+ 0 P_1 == P1P2.

Generally; 6(Py, ..., P,) = FL- where i = 1,23,..,n and
P; = a;x, also 6(P;) = P; and ©(P) = 0, P, P;, P € N,
then & is the left-sided outer (o, T)-n- derivation on N.

The above is the left-sided outer (@, T)-n-detivation on N,
which could be used to establish commutativity of of
special class of right nearrings.

RESULTS

Theotem 1: Assume a prime nearting N and § be a
positive left-sided outer (o,T)-n-derivation of N. If
6(N,...,N) is contained in centre Z, it implies N is
commutative.

Theorem 2: Let § be non-zero left-sided outer (o, T)-n-
derivation on the nearring, assume that for any positive
1,2,3,..,n.
,Xn € N.

integer i with values
6(xg, Xz, o, [X5, Vi1 o X)) = 0 VXg, X5, X3, ...

Implies (N, ) is commutative.
DISCUSSIONS
Proofs of Main Results

We establish the following In order to establish our key
theorems;

Lemma1;Let §:N X N X ... X N = N an n-additive
T n—times
map. It follows that § is a left-sided outer (g, 7)-n-
derivation in N if;
0(x;)6(x1, X2, X3, eey Yiy oo s Xpp)
+ T(Y) (X1, X3, X3, wee) Xy weny X))
= T(y;)0(xq, Xg, X3y eeey Xjy eery Xpy)
+ 0 (x;)6(x1, Xg, X3y cuey Yiy veer Xpp)

Forall x;,y; €N, iis 1,2,3,...,n.
Proof;

Let & be left-sided outer (g, T)-n-derivation, and T(y;)
is a distributive element and x;,y; € N where 1 < i <
n, then;

5(x1, ey (xl' + xi)yi, ,xn)

= J(Xi + xi)6(x15 ---:yii '--;xn)
+ (V)8 (xy, ey (X + 1), e, X))

=0(x)6(x1, i) Viy ey X)) +
0(x;)6(x1, i, Viy eer X)) + T(V)E (X1, ey Xy ey X)) +
T(Y)E(X, eees Xy vees Xpy) M)

Again,

6y, s X Vi F XiViy e X))

=501, s XiViy e X)) F+ 8(Xq, oo, X Vi ey X))
=000y, e, Viy ooy X)) +
T(¥ )80y, , ey Xgy vy X)) + 0 (x) (X4, ey, Viy e X))

+ (¥, 0 (1, Xg) X, weey Xy veny X)) 2)

Comparing (1) and (2) yields;

a(x)8(xq, ey Vi ooy X)) F TV (4, we ) Xy ey X))
= T(y;)0(xq, X3, X3y ey Xjy eey Xpy)
+ 0(x))6(x1, X0, X3, ey Viy ever Xpy)

Hence proved.

Lemma 2: let § be left-sided outer (o, T)-n-derivation on
N.Then
u{6(xy, oo, XYy e X))}
=ua(x;)8(xq, ey Viy ever X))
+ut(¥;)0(xq1, o) Xiy oo X))

For all X1, X, X3, ., X, Viy 0, Xp EN 1 < i < n.

Proof. Since 0 is an automorphism upon N, 3 v € N as
sucho(v) =u €N

Forallxi,yi EN 1 < i <n.

5(x1, X2, X3, ey v(xiyi), ey xn)
= (V)8 (X1, X3y X5, eees XiViy venr Xpp)
+ t(x;y;)6(%1, X3, X3, 0o, U, wr, X))

= 0(W)8(x1, X3, X3, s XiViy ooy X)) +
T(x%;)T(V;) 0 (%1, X3, X3, ey U, vy Xpp) (3)

Again;

6(xq, X2, X3, e, (VX)) Vi, ven s X))
= g (Vx;)8(X1, X3, X3y eees Viy veer Xpy)
+ T(y;:)0 (x4, X2, X3, ooy VX ooy Xpp)

(W)Yo (x;)6 (%1, X, X3, ey Viy oo X)) +
T(yi){o-(v)a(xlf X2, X3y eeey Xiy wen,y xn) +
()6 (g, X, X3y e, Uy v, X)) }

J(U)G(xl)5(x1i X2, X3, 2 Yis ---:xn) +
T(Y)o(W)6 (X1, Xz, X3, weey Xiy eoey X)) +
T(y) T(x)6(xq, X2, X3, e0es U, e, X)) }

(V) (x;)6 (X1, Xgy X3, weey Viy weer X)) +
oW)T(Y) (%1, X2, X3, ey Xiy ooy X)) +
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VU e, X))

)

T(x)T(y;) 6(x, X5, X3, ..

Comparing (3) and (4), we have that

o(V)6(Xq, X3, X3, ey X;Viy eves Xpy)
=g (W) (x;)8(x1, Xz, X3, eee) Viy e X))
+ O-(U)T(yi)a(xll vy Xy e ;xn)

XYy e Xp)
S U0 ()8 Cer, e Vi s )
+ uT(yi)S(xl; ey Xy ...,xn)

ud(xq, ...

Hence proved.
Proof of Theorem 1;

As 6(N,N, N, ...,N) € Z, and § is non-zero, then we say
,Xn € N, such
ranges from

that there exist non-zero elements. Xy, ...
that;  6(xq, .., Xj, -, X)) © Z\{0}, i
1,2,..,n.

Then; §(Xq, cvey Xjy ooy X)) + (X, ...
6(xg, s Xj + Xjy ooy X)) €Z

y Xiy ey Xpy) =

By Result# (5), then it means N with + is abelian.
We now need to show the commutativity of N.

Let x,y € N. For automorphisms of N are 0 and 7, 3
u, v € N such that a(u) = x and 7(v) = y.

Since 6(N,...,N) € Z, then we assume;
S(Xgy ey Xgy ey X))V = YO (X1, ey Xy ey X))
Take when i = 1 changing x; by uv
S(UV, Xp, X3,y ey X )Y = VO (UV, X3, X3, oevy Xpy)

>{oW)S(,xz, .., xn ) + T(WV)S(U, Xy, oo, X )}y =
y{o()D (W, xy, ..., xp ) + T(W)D (W, X3, ..., X )}

2{x8(V, X5, X35, e, Xn ) +F YO (U, X3, X3, o, X0 )}V =
V{x6 (W, x5, %3, .., xn ) + Y6 (U, X3, X3, oo, X )}

By Lemma 2, we have;

X6V, X3, X3, 0, X )Y + VO(U, X3, X3, eeey Xy )Y
= yx8(v, X3, X3, o) Xy )
+ yyd(u, x5, X3, ., X )

= x6(V, X3, X3, ey X )Y = VX6 (V, X, X3, ey Xy )
Then we have;

6(v, x5, X3, ., Xy ) (xy — yx) = 0, for all the elements
inN

Then z6 (v, x5, X3, ..., Xp)(xy — yx) =0,Vz € N.

By using the hypothesis and §(N, N,...,N) € Z,
SV, xq, %3, 0, xp)z(xy — yx) =0,Vz €N
(v, x5, %3, ..., Xy )N(xy — yx) = {0}.

As N is a prime, it means §(V, Xz, X3, ..., Xp) =
0or(xy —yx) =0.

If xy — yx = 0, then, the nearring is commutative.
As §(v, x5, X3, X4, o, Xp) = 0.

Substitute ¥ with vx; in the equation above and by the
hypothesis, we have;
X6(VX1, X0, X3, e, Xp) = O(VXq1, X3, X3, o, Xy ) X.

By Lemma 2 and the fact that §(N, N,...,N) € Z, we
have;

6(x1, %5, %3, e, Xp) (xy —yx) = 0.
Since 6(N,N,...,N) € Z,
6(‘x17 er xSr ey xn)N(xy - yx) = {O}
Since 6 (X1, X2, X3, o, X)) 0, xy —yx =0 =2 xy =
yx,Vx,y € N.
N is a commutative neatring as a result.
Proof of Theorem 2;

VX1, X0, X3, ooy Xiy Viy oy X € N, [ ranges from 1,2, ..., 1.

(%1, X0, e, [x4, %Y1, 0y xy) =0

5(x1,x2, . [xi,xiyi], ...,xn)
= 8(xq, X3, X3, ooy X [ X1, Vil ooer X))
= 0 (x;)0(x1, X2, X3, o, [X3, i), ooe s X)
+ ([, v D6 (xq, X, oy Xiy woe s Xpp)
=0
By the assumption, we have that
T([x;, yiD6(x1, X2, X3, ey Xy ey X)) = 0

Ty — Yixi)6 (X1, Xg, ey Xjy ey X)) = 0, Vx;,y; €

N1<i<n
As T 1s injective, the above equation becomes;

T(xiyi)6(x1; X2, X3y ey Xy wuny xn)
= T(yixi)g(xlerprr ey Xy ---rx‘n)

Then for any u € N 3v € N such that T(u) = v

y Xiy ey Xp) =
) Xiy ey Xp)

T(xu) 6 (xq, x5, ...
T(ux;)8(xq, x5, ..

Now;
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0 = 10 yiu — uy;x;)8(Xq, Xg) Xz, eeey Xy weey Xpp)-

Vx,y,ue N1<i<n

= 1(x;yiu — yiux;)8(xy, X2, X3, wov) Xiy oer s Xpy)

= T(x;yiu — ¥ix;u)8(Xq, X, X3y eeey Xy ey Xp). As T
is an automorphism
= t(x;y; — yix)T(W)6 (X1, X9, X3, ey Xy or, Xpp),

since T(u) = v

= t(x;y; — Yix) V8 (X1, X0, X3, very Xy weey X))
Vx,y; veEN1<i<n

= t([x;, yiDvS (x4, X, X3, i) Xjy ey X)) = 0

= t([x;, ViDNS (X1, X3, X3, ees Xy ooy X)) = 0

By primeness of N and the reality that § is non-zero left-
sided (0, T)-n-derivation of N, then 7([x;,¥;]) = 0. As
T is injective, we have that [x;, ¥;] = 0, thatis = 0

= yiX; = X;y;Vx;y; € N
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Hence N is a commutative ring.
CONCLUSION

In this work, we reviewed some recent papers on (a, T)-
n-derivation and outer (o, T)-n-derivation on left-
nearrings, which did not discuss right-nearrings. We
considered right-nearrings. The concept of left-sided
outer (0, T)-n-derivation on right-nearrings is introduced
in this study, along with the partial distributive law’s proof
and the commutativity of nearrings’ establishment using
the derivation. Further research may be conducted to
develop generalized left-sided outer (g, 7)-n-derivation
on right-nearrings and more.
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