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INTRODUCTION 
Researchers in the field of statistics have shown a keen 
interest in developing flexible distributions using 
generalization or compounding methods. Over the years, 
many generalized or compounded distributions have 
been proposed, some of them are: Gompertz Inverse 
Rayleigh distribution by Halid and Sule (2022) which was 
developed by extending the inverse Rayleigh distribution 
using the Gompertz generated family of distribution; 
Sine BurrXII proposed by Isa et al., (2022) was derived 
by extending the Burr XII distribution using the Sine G 
family; Exponentiated Odd Lomax Exponential 
Distribution by Dhugana and Khumar (2022) which was 
proposed by compounding an Exponential Odds 
Function and Lomax Generated family of distributions. 
Ogunsanya et al., (2021) introduced the Weibull Inverse 
Rayleigh Distribution by compounding the Inverse 
Rayleigh Distribution with the Weibull Generated family 
of distributions. Ahmad et al., (2021) developed the 
Topp-Leone Power Rayleigh distribution by substituting 
the Power Rayleigh Distribution into the Topp-Leone 
family of distribution. Oguntunde et al., (2018) developed 

the “Gompertz Inverse Exponential Distribution” by 
compounding the inverse exponential distribution with 
the Gompertz G family of distribution.  

Despite the development of these generalized 
distributions, there are emerging data of interest that 
exhibit non-normal features like very high skewness and 
kurtosis. Thus, there is the need to develop more 
generalized or compound distributions that will have the 
ability of handling these emerging data of recent times 
with the stated features. By compounding a well-known 
standard distribution with a generated family of 
distribution, the model will be more flexible with high 
level of skewness and kurtosis to enable the generalized 
or compounded model have the capability of properly 
modelling data sets that are heavy tailed or leptokurtic 
(these are data sets with kurtosis greater than 3). 
Some of the methods used in developing these flexible 
models include: Exponentiated family of distribution 
proposed by Gupta et al. (1998), Beta generated families 
by Eugene et al.(2002), Transform Transformer (T-X)  
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ABSTRACT 
 

To increase flexibility or to develop covariate models in a variety of ways, new parameters 
can be added to existing families of distributions or a new family of distributions can be 
compounded with well-known standard normal distribution. In this paper, a trigonometric-
type distribution was developed in order to come up with flexible distribution without 
adding parameter, considering Exponential distribution as the baseline distribution and 
Sine-G as the generator. The proposed distribution is referred to as Sine Exponential 
Distribution. Statistical features including the moment, moment generating function, 
entropy, and order statistics were obtained. The proposed distribution's parameters were 
estimated using the Maximum Likelihood method. Using real datasets, the model's 
importance was demonstrated. The newly developed model was proven to be better than its 
competitors. 
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family by Alzaatreh et al. (2013) and Transmuted family 
by Shaw and Buckley (2009). Researchers moved farther 
to have more options in terms of the availability of 
distributions that focus on trigonometric functions due 
to the rise in interest in data analysis. However, there 
aren't many distributions that incorporate trigonometric 
functions. (Muhammad et al., 2021). This study focuses 
on a novel compound distribution called the Sine 
Exponential Distribution and its application to real 
datasets. 
The Sine G family of distribution is quite new and very 
adaptable. The Exponential distribution will be 
compounded with Sine generated family of distributions. 
The Exponential distribution is one of the most 
extensively used models that can be widely applied to 
various fields like engineering, medicine, agriculture and 
so on.  

MATERIALS AND METHODS 

The Sine G Family 
Let H(x) represent the cumulative distribution function 
(cdf) of a univariate continuous distribution and h(x) 
represent the corresponding probability density function 
(pdf).Then, according to Kumar et al. (2015), the Sine-G 
family of probability distributions is given by: 

𝐹(𝑥, 𝜉) = ∫ cos 𝑡 𝑑𝑡 = sin {
𝜋

2
𝐻(𝑥, 𝜉)}

𝜋
2

𝐻(𝑥,𝜉)

0

    (𝟏) 

and the associated pdf of the Sine-Family of  
distributions is: 

𝑓(𝑥, 𝜉) =
𝜋

2
ℎ(𝑥, 𝜉) cos {

𝜋

2
𝐻(𝑥, 𝜉)}                       (𝟐) 

where the cdf and pdf of any baseline distribution with 

vector parameter  𝜉 are 𝐻(𝑥, 𝜉) and ℎ(𝑥, 𝜉). 

The Sine-Exponential Distribution 

The newly developed Sine Exponential Distribution’s 
PDF is given by: 

𝑓(𝑥; 𝜆) =
𝜋

2
 𝜆 𝑒−𝜆𝑥 cos {

𝜋

2
(1 − 𝑒−𝜆𝑥)}             (𝟑) 

with corresponding cdf given as: 

𝐹(𝑥) = sin {
𝜋

2
(1 − 𝑒−𝜆𝑥)} ,     𝜆, 𝑥 > 0               (𝟒) 

Below are the quantile function Q(u), cumulative hazard 
function H(x), reverse hazard function r(x), survival 
function S(x), and hazard functions h(x) of the sine-
exponential distribution. 

𝑆(𝑥) = 1 − sin {
𝜋

2
(1 − 𝑒−𝜆𝑥)}                            (𝟓) 

ℎ(𝑥) =

𝜋
2  𝜆 𝑒−𝜆𝑥 cos {

𝜋
2 (1 − 𝑒−𝜆𝑥)}

1 − sin {
𝜋
2

(1 − 𝑒−𝜆𝑥)}
                (𝟔) 

𝑟(𝑥) =
𝜋

2
 𝜆 𝑒−𝜆𝑥 cos {

𝜋

2
(1 − 𝑒−𝜆𝑥)} cot {

𝜋

2
(1 − 𝑒−𝜆𝑥)}     (𝟕) 

𝐻(𝑥) = − ln {1 − sin [
𝜋

2
(1 − 𝑒−𝜆𝑥)]}                       (𝟖) 

𝑄(𝑢) = 𝐹−1 {[−
1

𝜆
log (1 −

𝑠𝑖𝑛 −1𝑢

𝜋/2
)]}                    (𝟗) 

Mixture Representation 

Expansion of the pdf 

𝑓(𝑥) =
𝜋

2
 𝜆𝑒−𝜆𝑥 cos [

𝜋

2
(1 − 𝑒−𝜆𝑥)] 

Expanding 𝑒−𝜆𝑥 gives: 

𝑒−𝜆𝑥 = ∑
(−1)𝑖

𝑖!
(𝜆𝑥)𝑖

∞

𝑖=0

 

And also cos [
𝜋

2
(1 − 𝑒−𝜆𝑥)] can be expressed as 

follows: 

cos [
𝜋

2
(1 − 𝑒−𝜆𝑥)] = ∑

(−1)𝑗

(2𝑗)!

𝜋2𝑗

2𝑗
(1 − 𝑒−𝜆𝑥)

𝑗
∞

𝑗=0

 

(1 − 𝑒−𝜆𝑥)
𝑗
can also be expressed as: 

(1 − 𝑒−𝜆𝑥)
𝑗

= ∑(−1)𝑘 (
𝑗

𝑘
) 𝑒−𝑘𝜆𝑥

∞

𝑘=0

 

𝑒−𝑘𝜆𝑥 = ∑
(−1)𝑙

𝑙!
(𝑘𝜆𝑥)𝑙

∞

𝑙=0

 

𝑓(𝑥) = ∑ ∑ ∑ ∑
𝜋2𝑗+1

22𝑗1

∞

𝑙=0

(−1)𝑖+𝑗+𝑘+𝑙

2𝑗! 𝑖! 𝑙!
 𝑘𝜆𝑖+𝑙+1 (

𝑗

𝑘
) 𝑥𝑖+𝑙

∞

𝑘=0

∞

𝑗=0

∞

𝑖=0

 

Ψ =
𝜋2𝑗+1

22𝑗1

(−1)𝑖+𝑗+𝑘+𝑙

2𝑗! 𝑖! 𝑙!
 𝑘𝜆𝑖+𝑙+1 (

𝑗

𝑘
) 

Therefore, the pdf can be expressed as 

𝑓(𝑥) = ∑ ∑ ∑ ∑ Ψ

∞

𝑙=0

𝑥𝑖+𝑙

∞

𝑘=0

∞

𝑗=0

∞

𝑖=0

                                (𝟏𝟎) 

The expansion of the cdf: 

F(x) = sin [
π

2
(1 − e−λx)] = ∑

(−1)p

(2p + 1)!

π2p+1

22p+1 (1 − e−λx)
2p+1

∞

p=0

 

(1 − e−λx)
2p+1

= ∑(−1)q (
2p + 1

q
) e−qλx

∞

q=0
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e−qλx = ∑
(−1)r

r!
(qλx)r

∞

r=0

 

F(x) = ∑ ∑ ∑
(−1)p+q+r

r! (2p + 1)!

π2p+1

22p+1
(

2p + 1

q
) (qλ)rxr

∞

r=0

∞

q=0

∞

p=0

 

Let Ω =
(−1)p+q+r

r!(2p+1)!

π2p+1

22p+1 (2p+1
q

) (qλ)r 

Therefore, the cdf can also be expressed as: 

F(x) = ∑ ∑ ∑ Ω xr

∞

r=0

∞

q=0

∞

p=0

                                          (𝟏𝟏) 

Some Mathematical Properties 

The 𝑟𝑡ℎ moment, moment generating function, entropy, 
and order statistics were some of the mathematical 
properties that were obtained, and they are given below: 

Moment 

The Sine-Exponential Distribution 𝑟𝑡ℎ moment was 
derived in this section. The rth moment of the random 
variable X with pdff (x) can be obtained as follows: 

𝜇𝑟
′ = ∫ 𝑥𝑟 𝑓(𝑥)𝑑𝑥

∞

−∞

= ∑ ∑ ∑ ∑ Ψ

∞

𝑙=0

∫ 𝑥𝑖+𝑙
∞

0

∞

𝑘=0

∞

𝑗=0

∞

𝑖=0

𝑑𝑥 

𝐿𝑒𝑡 ρ = ∫ 𝑥𝑖+𝑙
∞

0

  𝑑𝑥 

Therefore, the 𝑟𝑡ℎ moment of the Sine-Exponential 
distribution is given by: 

𝜇𝑟
′ = ∑ ∑ ∑ ∑ ρ Ψ 

∞

𝑙=0

∞

𝑘=0

∞

𝑗=0

∞

𝑖=0

                                     (𝟏𝟐) 

Moment Generating Function 

The moment generating function for a random variable 

X is the expected value of 𝑒𝑡𝑥. If a positive constant “a” 

exists such that M x (t) is finite for ∀𝑡 ∈ [−𝑎, 𝑎], then 
the moment generating function is said to exist. 

𝑀𝑥(𝑡) = 𝐸(𝑒𝑡𝑥) = ∫ 𝑒𝑡𝑥𝑓(𝑥)𝑑𝑥
∞

−∞

 

𝑀𝑥(𝑡) = ∑ ∑ ∑ ∑ Ψ

∞

𝑙=0

∫ 𝑒𝑡𝑥𝑥𝑖+𝑙
∞

0

∞

𝑘=0

∞

𝑗=0

∞

𝑖=0

𝑑𝑥 

𝐿𝑒𝑡 Υ = ∫ 𝑒𝑡𝑥𝑥𝑖+𝑙
∞

0

  𝑑𝑥 

Therefore, the Moment Generating Function of the Sine-
Exponential distribution is given by: 

∑ ∑ ∑ ∑ Ψ Υ

∞

𝑙=0

∞

𝑘=0

∞

𝑗=0

∞

𝑖=0

                                                          (𝟏𝟑) 

Entropy 
Entropy is a metric indicating how much information or 
uncertainty there is in a random observation of a 
population's real composition. The amount of 
uncertainty in the data will increase if entropy is large. 
Following is the formula for the Shannon entropy of a 
continuous random variable X: 

𝐼𝜃(𝑥) =
1

1 − 𝜃
log ∫ 𝑓(𝑥)𝜃𝑑𝑥 

∞

−∞

 

𝑓(𝑥)𝜃 = (∑ ∑ ∑ ∑ Ψ

∞

𝑙=0

𝑥𝑖+𝑙

∞

𝑘=0

∞

𝑗=0

∞

𝑖=0

)

𝜃

 

𝑓(𝑥)𝜃 = (∑ ∑ ∑ ∑ Ψ

∞

𝑙=0

∞

𝑘=0

∞

𝑗=0

∞

𝑖=0

)

𝜃

(𝑥𝑖+𝑙)
𝜃
 

𝐿𝑒𝑡 𝛽 = (𝑥𝑖+𝑙)
𝜃
 

Then, 

𝐼𝜃(𝑥) =
1

1 − 𝜃
[(∑ ∑ ∑ ∑ Ψ

∞

𝑙=0

∞

𝑘=0

∞

𝑗=0

∞

𝑖=0

)

𝜃

log ∫ 𝛽𝜃𝑑𝑥 
∞

−∞

]        (𝟏𝟒) 

Order Statistics 

Let 𝑋1, 𝑋2, … , 𝑋𝑛 be a random samples of size 𝑛 from a 

continuous population having pdf 𝑓(𝑥) and distribution 

function (𝑐𝑑𝑓) F(x), Let 𝑋1:𝑛 ≤ 𝑋2:𝑛 ≤ 𝑋𝑛:𝑛 be the 
associated order statistics (OS). David (1970) defined the 

pdf of 𝑋𝑟:𝑛 that is the 𝑟𝑡ℎ OS by: 

𝑓𝑟:𝑛(𝑥) =
∑ ∑ ∑ ∑ Ψ∞

𝑙=0 𝑥𝑖+𝑙∞
𝑘=0

∞
𝑗=0

∞
𝑖=0

𝐵(𝑚, 𝑛 − 𝑚 + 1)
(∑ ∑ ∑ Ω xr

∞

r=0

∞

q=0

∞

p=0

)

𝑚−1

(1

− ∑ ∑ ∑ Ω xr

∞

r=0

∞

q=0

∞

p=0

)

𝑛−𝑚

                           (𝟏𝟓) 

Parameter Estimation 
The technique of maximum likelihood was explored to 
estimate the Sine-Exponential Distribution's unknown 
parameters. Maximum likelihood estimates (MLEs) are 
attractive because they are used to produce confidence 
intervals and offer straightforward approximations that 
perform well with finite samples. You can quickly work 
with approximations of MLE results in distribution 
theory using analytical or numerical techniques. Let 

𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛 be a random samples of size 𝑛 from the 
Sine-Exponential Distribution. Then, the likelihood 
function of the Sine-Exponential Distribution is given as 
follows: 
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𝑙 = 𝑛 log (
𝜋

2
) + 𝑛 log 𝜆 − 𝜆 ∑ 𝑥

𝑛

𝑖=0

+ ∑ log cos {
𝜋

2
[1 − 𝑒−𝜆𝑥]}

𝑛

𝑖=0

  (𝟏𝟔) 

Differentiating equation (16) with respect of 𝜆 gives the 
following expression: 

𝜕𝑙

𝜕𝜆
=

𝑛

𝜆
+ ∑ x − ∑ tan {

𝜋

2
[1 − 𝑒−𝜆𝑥]}

𝑛

𝑖=0

𝑛

𝑖=0

          (𝟏𝟕) 

Equation (17) gives the estimate of the maximum 

likelihood of the parameter𝜆 of the Sine-Exponential 
Distribution. 

RESULTS 

Application 
Breaking stress of carbon fibres data of sample 100 
observations was considered to test for the efficiency of 
the model. This data set was used by Joseph et al., (2020). 
The result of the analysis was compared with the baseline 
distribution (exponential) and Lomax distributions for 
illustrative purposes. We estimated the unknown 

parameters of each distribution by the maximum-
likelihood method. The values of the Akaike information 
criterion (AIC), Bayesian information criterion (BIC) and 
consistent Akaike information criterion (CAIC) were also 
computed and compared with the newly developed 
model. 

The data are as follows:  

3.7, 2.74, 2.73, 2.5, 3.6, 3.11, 3.27, 2.87, 1.47, 3.11, 4.42, 
2.41, 3.19, 3.22, 1.69, 3.28, 3.09, 1.87, 3.15, 4.9, 3.75, 
2.43, 2.95, 2.97, 3.39, 2.96, 2.53, 2.67, 2.93, 3.22, 3.39, 
2.81, 4.2, 3.33, 2.55, 3.31, 3.31, 2.85, 2.56, 3.56, 3.15, 
2.35, 2.55, 2.59, 2.38, 2.81, 2.77, 2.17, 2.83, 1.92, 1.41, 
3.68, 2.97, 1.36, 0.98, 2.76, 4.91, 3.68, 1.84, 1.59, 3.19, 
1.57, 0.81, 5.56, 1.73, 1.59, 2, 1.22, 1.12, 1.71, 2.17, 1.17, 
5.08, 2.48, 1.18, 3.51, 2.17, 1.69, 1.25, 4.38, 1.84, 0.39, 
3.68, 2.48, 0.85, 1.61, 2.79, 4.7, 2.03, 1.8, 1.57, 1.08, 2.03, 
1.61, 2.12, 1.89, 2.88, 2.82, 2.05, 3.65 

Table 1 gives the summary statistics of the data set such 
as the mean, the median, the first and third quartile, the 
minimum and the maximum values while table 2 gives 
the values of the estimates of the parameters of the 
models, their AIC, CAIC, BIC and HQIC respectively. 

Table 1: Summary statistics of the datasets 

Data Minimum 𝑸𝟏 Median Mean 𝑸𝟑 Maximum 

Dataset 0.390 1.840 2.700 2.621 3.220 5.560 
 
Table 2: MLE, AIC, CAIC, BIC, and HQIC of the dataset 

Distribution 𝝀 𝜸  𝑴𝑳𝑬 𝑨𝑰𝑪 𝑪𝑨𝑰𝑪 𝑩𝑰𝑪 𝑯𝑸𝑰𝑪 
Sexpo 0.21884 − 191.2010 384.4021 384.4429 391.6124 385.4565 
Expo 0.3814453  196.3701 394.7417 394.7825 401.9520 398.8504 
Lomax 3119957 8176557 196.3079 396.7417 396.8654 401.9521 398.8504 
 
Table 2 gives the results of the analysis of the dataset. 
The results of the analysis of the Sine-Exponential was 
compared with Exponential and Lomax distribution. The 
proposed Sine-Exponential distribution proven to be the 
better model because it has the least AIC, CAIC, BIC 
and HQIC. In other words, the proposed model 
outperformed its competitors with minimum AIC, BIC, 
CAIC and HQIC. 

CONCLUSION 

There has been increase of interest among statisticians 
and applied researchers in developing more flexible 
lifetime distributions for the furtherance of modeling 
survival data. In this paper, we introduced a one 
parameter Sine-Exponential distribution which was 
achieved by considering Exponential distribution as the 
baseline and Sine G family. We study some of its 
mathematical properties.   Maximum likelihood 
Estimation was used in parameter estimation. The 
potential of the Sine Exponential distribution was 

demonstrated using real data, and comparisons with 
other competing distributions revealed that it could 
provide a better fit. We anticipate that the extended 
approach that has been provided will find more uses in 
survival analysis. 
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